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Introduction
The classical Bernoulli numbers B n and Bernoulli polynomials B n (x) are usually defined Clearly, B n = B n (). These numbers and polynomials play important roles in many different areas of mathematics such as number theory, combinatorics, special function and analysis, and numerous interesting properties for them have been explored, see, for example, [, ] .
In the present paper, we will be concerned with the Carlitz's q-Bernoulli numbers and q-Bernoulli polynomials. Throughout this paper, it is supposed that q ∈ C with |q| <  and C being a complex number field. For x ∈ C, the q-number is defined by (see [] ) We now recall the q-Bernoulli numbers β n = β n (q) and q-Bernoulli polynomials β n (x, q), which were introduced by Carlitz [] , as follows 
From (.) and (.) one can easily obtain
If the left-hand side of (.) is denoted by F q (t, x), then by the Mellin transform,
with s ∈ C and x = , -, -, . . . . 
to the following q-zeta function The aim of the present paper is to perform a further investigation on the Carlitz's q-Bernoulli numbers and q-Bernoulli polynomials. By applying elementary methods and techniques, we establish some symmetric identities for these numbers and polynomials, by virtue of which, various known results are derived as special cases.
The restatement of results
In this section, a further investigation for the Carlitz's q-Bernoulli numbers and qBernoulli polynomials is performed, and several symmetric identities for them are established. We firstly state the following result for the q-zeta function. 
Proof By substituting bx + bj/a for x in (.), we have
Note that for any x ∈ C and positive integer n,
Since for any non-negative integer n and a positive integer b, there exist unique nonnegative integers r and i such that n = br + i with  ≤ i ≤ b -. So, the above identity (.) can be rewritten as
In the same way,
Thus, equating (.) and (.) gives the desired result.
We next discuss some special cases of Theorem .. Setting b =  in Theorem ., we have the following distribution formula for the q-zeta function
In particular, the case a =  in (.) gives the duplication formula for the q-zeta function
Letting q →  in (.) and (.) leads to the familiar distribution formula for the classical Hurwitz zeta function
and the duplication formula for the classical Hurwitz zeta function
respectively, see, for example, [] . Now, we are in the position to give some similar symmetric identities for the Carlitz's q-Bernoulli numbers and q-Bernoulli polynomials.
Theorem . Let a, b be positive integers. Then for any non-negative integer n,
Proof By applying the exponential series e xt = ∞ n= x n t n /n! to the generating function of the q-Bernoulli polynomials, we have
Comparison of the coefficients of t n /n! in (.) yields
So, from (.), (.) and the analytic continuation of ζ q (s, x), one can easily obtain that for any non-negative integer n,
In light of the relation (see, e.g., [, ])
we get the symmetric distribution for the q-Bernoulli polynomials
Thus, the desired result follows by applying (.) and (.) to Theorem ..
It follows that we show some special cases of Theorem .. Setting b =  in Theorem ., we derive the multiplication theorem for the q-Bernoulli polynomials due to Carlitz [] [a]
which is a q-analogue of Raabe's multiplication theorem for the classical Bernoulli polynomials (see, e.g., [] ). Letting q →  in Theorem ., one can immediately obtain the generalized multiplication theorem for the classical Bernoulli polynomials (see, e.g.,
Based on the observation of Theorem ., we have the following.
Theorem . Let a, b be positive integers. Then for any non-negative integer n,
where S n,i;q (a) = 
Again, applying the exponential series and (.) to the left-hand side of (.), with help of the Cauchy product, we get
Hence, comparison of the coefficients of t n /n! in (.) gives the addition theorem for the q-Bernoulli polynomials
for any x ∈ C and a positive integer a, by (.), we obtain
Thus, by applying Theorem . to (.), we complete the proof of Theorem ..
Clearly, Theorem . above can be regarded as an q-analogue of the corresponding classical formula (see, e.g., 
Proof Observe that
It follows from (.) that
We next consider the left-hand side of (.). In light of (.), we have
n-m to the summation on the right-hand side of (.), and then changing the order of summation, we get
Hence, putting (.) into (.), and then using the exponential series, with the help of the Cauchy product, we obtain Similarly, we have
Thus, by equating (.) and (.) and comparing the coefficients of u m v n /m!n!, we get
which together with -[x] q = q x [-x] q implies the desired result. We are done.
It becomes obvious that (.) is a special case of Theorem . by setting n =  and replacing m by n. As another special case, in view of (.), we discover that for any nonnegative integers m, n, 
